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Let N53 and O RN be a bounded domain with a smooth boundary @O and
consider the semilinear boundary value problem of the form
Duþ lu ¼ juj2
n2u in O;
u > 0 in O;
u ¼ 0 on @O;
ðPÞ
where l 2 R and 2n ¼ 2N=ðN  2Þ: We show the effect of topology and geometry
of the domain O on the existence and multiplicity of solutions of this
problem. # 2002 Elsevier Science (USA)1. INTRODUCTION
Let N53 and O RN be a bounded domain with a smooth boundary @O:
In this paper we consider the existence and multiplicity of solutions of
problem
Duþ lu ¼ juj2
n2u in O;
u > 0 in O;
u ¼ 0 on @O;
ðPÞ
where l 2 R and 2n ¼ 2N=ðN  2Þ:
We denote by ðP0Þ problem (P) with l ¼ 0: Problem (P) is a simpliﬁed
model of problems that occur in physics and geometry, and the existence
and nonexistence of solutions of problem (P) has been studied by many
authors in the last decade. The difﬁculty to treat this problem is caused by
the lack of compactness. For l50; Poho&zaev [10] proved that problem (P)
has no solution when the domain O is star shaped. On the other hand, the78
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NONLINEAR ELLIPTIC EQUATION 79existence of a radial solution was established by Kazdon and Warner [8] in
the case that O is an annulus. These results show that the shape of the
domain O is deeply related to the existence of solutions of (P), and it comes
of interest to study the case that O is not star shaped but has trivial
topology.
Some contractible domains on which problem ðP0Þ has solutions were
constructed by Dancer [4], Ding [5] and Passaseo [9]. Dancer and Ding
proved that if the domain O is an annulus which has a small hall (Fig. 1), then
ðP0Þ has a solution. Similarly, Passaseo showed that if O is a cylinder removed
balls and a cylinder with a small radius (Fig. 2), then problem ðP0Þ has a
solution. In the present paper, we ﬁrst consider conditions for O to have a
solution of (P) with l50 and give existence results under the conditions. We
apply our result to domains that have trivial topology. In the case that
domain O has nontrivial topology, the existence of solutions for ðP0Þ was
established by Bahri and Coron [1]. We apply our result to domains which
have nontrivial topology and show the existence of solutions of (P) with l50:
We also give the multiple existence of solutions of (P) in the case that
l50: The existence of solutions for (P) with l50 was established by Brezis
and Nirenberg [2]. We show that if the domain has nontrivial topology,
problem (P) has multiple solutions. To state the main results we need the
following notations. Throughout this paper O RN is a bounded domain
with a smooth boundary. For simplicity, we put H ¼ H 10 ðOÞ: BrðxÞ  H
stands for the open ball centered at x with radius r > 0: For each domain
U  RN ; we denote by j 	 jq the norm of L
qðU Þ; q > 1: We put
D1ðRN Þ ¼ fv 2 L2
n
ðRN Þ; jrvj 2 L2ðRN Þg:
For each v 2 D1ðRN Þ; we put jjvjj2 ¼
R
RN jrvj
2: The symbol jj 	 jj is also used
to denote the norm of H deﬁned by jjvjj2 ¼ jrvj2 for v 2 H : h	; 	i stands forFIG. 2.
NORIMICHI HIRANO80the inner products in H : For each a 2 R and each functional F :H ! R; we
denote by Fa the set Fa ¼ fv: 2 H : F ðvÞ4ag: We call a real number d a
critical level of a functional F if there exists a sequence fvng  H such that
limn!1 F ðvnÞ ¼ d and limn!1 jjrF ðvnÞjj ¼ 0: For each r > 0 and x 2 R
N ;
DrðxÞ stands for the open ball centered at x with radius r: Let R > 0
and K  DRð0Þ  R
N : Then capacity of K in DRð0Þ is deﬁned by
cap K ¼ inf
Z
DRð0Þ
jruj2: u 2 H10 ðDRð0ÞÞ; u51 on K
 
:
For a pair of topological space ðX ; Y Þ with Y  X ; we denote by HnðX ; Y Þ
the relative singular homology groups (cf. [12]). For each n51; we denote by
Sn the n-dimensional sphere. Dp denotes a closed q-simplex and SqðX Þ
denotes the space of singular q-simplexes on a topological space X : For two
topological spaces X ; Y ; we write X ﬃ Y when X and Y are of the same
homotopy type (cf. [12]). We deﬁne a functional I on H by
IðuÞ ¼
1
2
Z
O
ðjruj2 þ ljuj2Þ 
1
2n
Z
O
juþj2
n
; ð1:1Þ
where uþðxÞ ¼ maxf0; uðxÞg for x 2 O: The solutions of (P) correspond to
critical points of functional I : Let ðP1Þ be the problem deﬁned by
Du ¼ juj2
n2u; u 2 D1ðRN Þ;
u > 0 on RN :
ðPRÞ
We denote by IR the functional on D1ðRN Þ deﬁned by (1.1) with O ¼ RN and
l ¼ 0: Then each critical point of functional IR is a solution of problem ðP1Þ:
For each ðz; aÞ 2 RN  ð0;1Þ; we put
uðz;aÞðxÞ ¼
maðN2Þ=2
ð1þ a2jx zj2ÞðN2Þ=2
;
where m ¼ ðN ðN  2ÞÞðN2Þ=4: It is known that each uðz;aÞ is a critical point of
IR: By the invariance of the norm of D1ðRN Þ under translation and scaling
u! uRðxÞ ¼ RN=2
n
uðx=RÞ for u 2 D1ðRN Þ; R > 0; ð1:2Þ
we have that each uðz;aÞ have the same critical value. We put c ¼ IRðuðz;aÞÞ for
ðz; aÞ 2 RN  ð0;1Þ: We deﬁne a function b :H ! RN by
bðvÞ ¼
Z
O
xjrvðxÞj2
jjvjj2
for v 2 H : ð1:3Þ
NONLINEAR ELLIPTIC EQUATION 81We also set
S ¼ v 2 H =f0g :
Z
O
jrvj2 þ ljvj2 ¼
Z
O
jvþj2
n
 
:
It is easy to see that if v 2 H =f0g is a critical point of I ; then v 2 S:
We impose the following condition:
(A) Let O1  R
N be a domain with a smooth boundary and fOng  O1
be a sequence such that each On is a domain with a smooth boundary
and satisﬁes O1  	 	 	  On  	 	 	 ; On ﬃ Om for m; n51 and limn!1
capðO1=OnÞ ¼ 0:
For each n51; we denote by ðPnÞ problem (P) with O replaced by On: We
also denote by I ðnÞ the functional I with O ¼ On: I1 stands for the functional
I with O ¼ O1:
Theorem 1.1. Let l50 and assume that (A) holds. In addition, assume
that there exists p51 such that
rankHpðOnÞ=rankHpðO1Þ for all n51:
Then there exists n051 such that for each n5n0; problem ðPnÞ has a solution
un 2 H 10 ðOnÞ with c5I
ðnÞðunÞ52c:
We next consider the case that l50:
Theorem 1.2. Suppose that N55 and O RN is a domain with a smooth
boundary and
HpðOÞ=0 for some p51:
Then there exists l050 such that for each l 2 ðl0; 0Þ; problem ðPÞ has at least
two solutions.
2. EXAMPLES
In this section, we apply our main results to some examples. For
simplicity, we consider domains whose boundary are not necessary regular,
but one can see easily, by the standard argument, that these domains can be
replaced by more general domains with regular boundaries. Throughout the
rest of this paper, we ﬁx a coordinate system of RN and xi denotes the ith
element of x 2 RN : First we consider the following case. Let C be a domain
with a smooth boundary and star shaped with respect to the origin
NORIMICHI HIRANO82of RN : Let r > 0 such that Drð0Þ  C: Let O1 ¼ C=Drð0Þ and
Sle ¼ x 2 R
N :
XN
i¼2
x2i4e; x150
( )
for e > 0:
We consider the domain deﬁned by On ¼ O1 =Sl1=n for n51: Then it is easy
to verify that (A) holds and that each On is contractible. It is also easy to see
that rankHN1ðO1Þ ¼ 1 and rankHN1ðOnÞ ¼ 0 for all n51: Then by
applying Theorem 1.1, we have
Theorem 2.1. Let O ¼ O1=Sle and l50: If e > 0 is sufficiently small, then
problem ðPÞ has a solution u 2 H with c5IðuÞ52c:
We give another example on a noncontractible domain. Let O1 be as
above and we put
Slð2Þe ¼ x 2 R
N :
XN
i¼2
x2i4e
( )
:
We deﬁne On by the same way as above with Sle replaced by Slð2Þe : Then we
have rankH1ðO1Þ ¼ 0 and rankH1ðOnÞ ¼ 1 for all n51: Then again by
applying Theorem 1.1, we have
Theorem 2.2. Let O ¼ O1=Slð2Þe and l50: If e > 0 is sufficiently small,
then problem (P) has a solution u 2 H with c5IðuÞ52c:
We next consider the case l50: Let O1 be as above. Then since rank
HN1ðO1Þ ¼ 1; we have by Theorem 1.2 that
Theorem 2.3. Let O ¼ O1: Then there exists l050 such that for each
l 2 ðl0; 0Þ; (P) has at least two solutions.
3. PRELIMINARIES
For each subset A RN and x 2 RN ; we put dðA; xÞ ¼ inffjx yj : y 2 Ag:
l1 denotes the ﬁrst eigenvalue of the eigenvalue problem
Dv ¼ lv; v 2 H : ð3:1Þ
For each v 2 D1ðRN Þ=f0g; the mapping t ! IRðtvÞ has a unique maximal
point N0ðvÞ > 0 and limt!1 IRðtvÞ ¼ 1: We put
S0 ¼ v 2 D1ðR
N Þ=f0g :
Z
RN
jrvj2 ¼
Z
RN
jvþjpþ1
 
:
NONLINEAR ELLIPTIC EQUATION 83Then N0ðvÞv 2 S0 for each v 2 D1ðR
N Þ=f0g: It is also obvious that each
critical point of IR is contained in S0: It is known that c is the minimal
positive critical value of IR: Similarly, we have that for each v 2 H =f0g; there
exists a unique number t > 0 such that tv 2 S: Hence, we deﬁne functions
N :H =f0g ! Rþ and S :H =f0g ! S by
NðvÞv 2 S and Sv ¼NðvÞv for v 2 H =f0g:
It is easy to see that N and S are continuous functions.
By the concentrate compactness method, we have
Lemma 3.1 (cf. Bahri and Coron [1] and Passarero [9]). Assume that
l50: Then the following properties hold:
(1) Let fvng  S such that limn!1 IðvnÞ ¼ c: Then there exist fang 
Rþ and fzng  O such that limn!1 an ¼ 1 and
lim
n!1
jjvn  uðan;znÞjj ¼ 0:
(2) Let fvng  H such that limn!1 rIðvnÞ ¼ 0 and 05lim IðvnÞ52c:
Then there exist fang  Rþ and fzng  O such that limn!1 an ¼ 1 and
lim
n!1
jjvn  uðan;znÞjj ¼ 0:
(3) Let fvng  H such that limn!1 jjrIðvnÞjj ¼ 0 and limn!1 IðvnÞ ¼
cþ e for some 05e5c: Then fvng is relatively compact in H :
For z ¼ ðz1; z2; . . . ; zN Þ 2 R
N and a 2 ð0;1Þ; we consider the eigenvalue
problem
Dw ¼ mgðuðz;aÞÞw; w 2 D1ðR
N Þ: ð3:2Þ
where gðtÞ ¼ ð2n  1Þjtþj2
n2 for t 2 R; where tþ ¼ maxf0; tg: Since uðz;aÞ is a
solution of problem ðP1Þ; it is obvious that m0 ¼ 1=ð2
n  1Þ is an eigenvalue
of (3.2) with an eigenfunction uðz;aÞ: It is also known that m0 is the unique
eigenvalue of problem (3.2) satisfying m51; and m0 is simple. We put
Tðz;aÞ ¼ spanfvð0;z;aÞ; vð1;z;aÞ; vð2;z;aÞ; . . . ; vðN ;z;aÞg
NORIMICHI HIRANO84where
vð0;z;aÞ ¼
@
@a
uðz;aÞ ¼ m
N  2
2
aðN4Þ=2ð1 a2jx zij2Þ
ð1þ a2jx zij
2ÞðN=2Þ
;
vði;z;aÞ ¼
@
@xi
uðz;aÞ ¼ mðN  2Þ
aðNþ2Þ=2ðxi  ziÞ
ð1þ a2jx zij2Þ
ðN=2Þ
; 14i4N :
Then recalling that each uðz;aÞ is a solution of problem ðP1Þ; we have by
differentiating ðP1Þ by x1; x2; . . . ; xN and a that each element of Tðz;aÞ is an
eigenfunction of problem (3.2) corresponding to the eigenvalue m1 ¼ 1: We
denote by Eð0Þðz;aÞ and E
ð1Þ
ðz;aÞ the subspace of D
1ðRN Þ spanned by eigenfunctions
corresponding to the eigenvalues m0 and 1; respectively. We also put
Eð2Þðz;aÞ ¼ ðE
ð0Þ
ðz;aÞ [ E
ð1Þ
ðz;aÞÞ
?: Here, u ? v implies that
R
RNhru;rvi ¼ 0 for
u; v 2 D1ðRN Þ: Then we have
Lemma 3.2. There exists m2 > 0 such that for each ðz; aÞ 2 R
N  ð0;1Þ;
hDv gðuðz;aÞÞv; vi5m2
Z
RN
gðuðz;aÞÞv2 for all v 2 E
ð2Þ
ðz;aÞ: ð3:3Þ
Proof. It is sufﬁcient to show inequality (3.3) for z ¼ 0 and a ¼ 1: Here
we put cðxÞ ¼ gðuð0;1ÞÞ: We ﬁrst consider the eigenvalue problem
Dv 2cðxÞv ¼ lv; v 2 D1ðRN Þ: ð3:4Þ
Then since limjxj!1 ðjcðxÞj=jxj
3Þ51; we have that there exist at most ﬁnite
number of negative eigenvalues of (3.4), and each negative eigenvalue has
ﬁnite multiplicity. Let
Hc ¼ v :R
N ! R;
Z
RN
cðxÞjvðxÞj251
 
:
Then, Hc is a Hilbert space with the inner product h	; 	ic and the norm j 	 jc
deﬁned by
hu; vic ¼
Z
RN
cðxÞuðxÞvðxÞ and juj2c ¼ hu; uic
for u; v 2 Hc; respectively. It is easy to verify that D1ðR
N Þ  L2
n
ðRN Þ  Hc:
Let L be the self-adjoint operator on Hc deﬁned by L ¼ ð1=cð	ÞÞD with
DðLÞ ¼ fv 2 Hc : Lv 2 Hcg: We have from the deﬁnition of E
ð2Þ
ð0;1Þ that
hLv v; vic ¼ hDv cðxÞv; vi50 on E
ð2Þ
ð0;1Þ: ð3:5Þ
NONLINEAR ELLIPTIC EQUATION 85Now suppose that 1 is the essential spectrum of L: Then there exists an
orthogonal sequence fvng  Hc such that jvnjc ¼ 1 and
lim
n!1
jLvn  vnjc ¼ 0:
Then it follows that
lim
n!1
hLvn  2vn; vnic ¼ limn!1
hDvn  2cðxÞvn; vni
¼ lim
n!1
 hcðxÞvn; vni ¼  lim
n!1
jvnj
2
c ¼ 1:
On the other hand, noting that hvm; vnic ¼ 0 for m=n; we ﬁnd that
lim
m;n!1
hDvn  2cðxÞvn; vmi ¼ 0:
Since D1ðRN Þ is dense in Hc; we can ﬁnd a sequence fung  H such that
lim
m;n!1
hcðxÞun; umi ¼ 0; lim
m;n!1
hDun  2cðxÞun; umi ¼ 0 ð3:6Þ
and
lim
n!1
hDun  2cðxÞun; uni ¼ 1: ð3:7Þ
Then, from properties (3.6) and (3.7), we ﬁnd there exists an inﬁnite
dimensional subspace F of D1ðRN Þ such that
hDv 2cðxÞv; vi50 for v 2 F :
This implies that the eigenvalue problem (3.4) has inﬁnitely many negative
eigenvalues. This contradicts the above observation. Therefore, 1 is a
discrete spectrum of L: Then from (3.5), we have that there exists m2 > 0 such
that
hLv ð1þ m2Þv; vic ¼ hDv cðxÞð1þ m2Þv; vi50 for all E
ð2Þ
ð0;1Þ
and therefore, the assertion follows. ]
Lemma 3.3. Let ðz; aÞ 2 O ð0;1Þ: Then, v 2 D1ðRN Þ is a solution of
problem
Dv ¼ gðuðz;aÞÞv ð3:8Þ
if and only if v 2 Tðz;aÞ:
Proof. We prove the case that ðz; aÞ ¼ ð0; 1Þ: As in the proof of Lemma
3.2, we put cðxÞ ¼ gðuð0;1ÞðxÞÞ: Let v 2 D1ðR
N Þ=f0g be a solution of problem
(3.8). One can see from the deﬁnition of cðxÞ and (3.8) that v 2 C1ðRN Þ:
Assume that vð0Þ ¼ 0: We will see that v is odd. Suppose the contrary
NORIMICHI HIRANO86that v is not odd. Deﬁne an even function by
ve ¼ 12ðvðxÞ þ vðxÞÞ for x 2 R
N :
Then since v is not odd, vec0: It is also obvious that each ve is a solution of
problem (3.8). We can see that ve is not a radial function on R
N : In fact, if ve
is a radial solution of (3.8), then ve is a smooth solution of problem
v00e þ
N  1
r
v0e þ cðrÞve ¼ 0;
veð0Þ ¼ v0eð0Þ ¼ 0:
It then follows that ve  0: Therefore, we ﬁnd that ve is not radial. Here we
choose a coordinate system fe1; e2; . . . ; eNg of R
N : For each x ¼ x1e1 þ
x2e2 þ 	 	 	 þ xNeN 2 R
N ; we write vðx1; yÞ ¼ vðxÞ; where y ¼ ðx2; . . . ; xN Þ: Since
ve is not radial, we may choose the coordinate system so that for some
ðx0; y0Þ with x0 > 0; veðx0; y0Þ ¼ d1 and d2 ¼ veðx0; y0Þ with d15d2: We next
deﬁne a function *v by
*vðx; yÞ ¼ veðx; yÞ  veðx; yÞ for ðx; yÞ 2 R R
N1:
Then we have that *vðx; yÞ ¼ *vðx; yÞ on RN : Especially, *vð0; yÞ ¼ 0 for all
y 2 RN1: Then *v is a solution of the problem
Dv ¼ cðxÞv on V ¼ fx 2 RN : x150g;
v ¼ 0 on @V :
ð3:9Þ
On the other hand, we have that w ¼ @uð0;1Þ=@x1 is the positive solution of
problem (3.9). That is l ¼ 1 is the minimal eigenvalue of eigenvalue problem
Dv ¼ lcðxÞv on V ¼ fx 2 RN : x150g;
v ¼ 0 on @V :
ð3:10Þ
Since the minimal eigenvalue is simple by the Krein–Rutman theorem, we
ﬁnd that *v ¼ aw for some a=0: We may assume, without any loss of
generality, that *v ¼ w: Then, *v > 0 on V : On the other hand, we have
*vðx0; y0Þ ¼ veðx0; y0Þ  veðx0; y0Þ ¼ d1  d250:
Since ve is even, we have veðx0;y0Þ ¼ d1 and veðx0;y0Þ ¼ d2: Then
*vðx0;y0Þ ¼ veðx0;y0Þ  veðx0;y0Þ ¼ d2  d1 > 0:
That is *v is changing sign on V : This is a contradiction. Thus we ﬁnd that v is
odd as claimed.
NONLINEAR ELLIPTIC EQUATION 87We next see that W ¼ fx 2 RN : vðxÞ ¼ 0g is a ðN  1Þ-dimensional
subspace of RN : To see this, we ﬁrst see that
tW  W for all t 2 R: ð3:11Þ
Suppose the contrary that there exists x0 2 W such that tx0 =2 W for some
t=0; then we deﬁne a coordinate system as above with e1 ¼ x0: We also
deﬁne a function v1 by
v1ðxÞ ¼ 12ðvðx; yÞ þ vðx;yÞÞ for all ðx; yÞ 2 R R
N1:
Then since v is odd, it follows that v1ð0; yÞ ¼ 0 for all y 2 R
N : It also follows
that v1ðt; 0Þ ¼ vðtx0Þ=0: That is v1 is a nontrivial solution of (3.9).
Then again we may assume that v1 ¼ w > 0 on V : Since v1ðx0Þ ¼ 0; this is
a contradiction. We next see that W is convex. Suppose the contrary
there exists x; y 2 W with z ¼ ðxþ yÞ=2 =2 W : From (3.11), we may
assume that jxj ¼ jyj: We again construct a function v1 by the above way
with x0 ¼ z: By choosing the orthonormal system properly, we may put
x ¼ ðx1; x2; 0; . . . ; 0Þ with x1 > 0: Then from the deﬁnition of z; we
ﬁnd that y ¼ ðx1;x2; 0; . . . ; 0Þ: Then from the deﬁnition of v1; we ﬁnd
that v1ðxÞ ¼ 0: Since x =2 @V ; we again reaches to a contradiction. Thus we
have seen that W is ðN  1Þ-dimensional subspace of RN : That is W ¼ fx 2
RN ; hx; x0i ¼ 0g for some x0 2 R
N =f0g: Let V ¼ fx 2 RN : hx; x0i50g: Then
the restriction v1 of v on W is the solution of problem (3.9). Then we ﬁnd
again by Krein–Rutman theorem that v ¼ aw for some a=0: This prove
that if vð0Þ ¼ 0; then v 2 Tð0;1Þ: We next assume that vð0Þ=0: If v is a radial
function, then from the uniqueness of radial solution of linear problem (3.8),
we have that v ¼ avð0;0;1Þ for some a=0: Now assume that v is not radial. Let
a 2 R such that vð0Þ  avð0;0;1Þð0Þ ¼ 0 and put w ¼ v avð0;0;1Þ: Then, w is a
nonradial solution of (3.8) with wð0Þ ¼ 0: Then from the above argument,
we have that w 2 Tð0;1Þ: Then it follows that v 2 Tð0;1Þ: This completes the
proof. ]
Let P be the projection from D1ðRN Þ onto H10 ðOÞ (i.e., Pv ¼ v h with
Dh ¼ 0 in O and h ¼ v on @O). Then it is easy to check that Puðz;aÞ > 0 on O
for all ðz; aÞ 2 O ð0;1Þ: For each ðz; aÞ 2 O ð0;1Þ; We put F ð0Þðz;aÞ ¼
P ðEð0Þðz;aÞÞ; F
ð1Þ
ðz;aÞ ¼ P ðE
ð1Þ
ðz;aÞÞ and F
ð2Þ
ðz;aÞ ¼ ðF
ð0Þ
ðz;aÞ [ F
ð1Þ
ðz;aÞÞ
?  H : Here we put
PðrÞ ¼ fðz; aÞ 2 O ð0;1Þ : dð@O; zÞ 	 a ¼ rg
and
%PðrÞ ¼ fðz; aÞ 2 O ð0;1Þ : dð@O; zÞ 	 a5rg
NORIMICHI HIRANO88Lemma 3.4.
(1) For each e > 0; there exists r0ðeÞ > 0 such that for all ðz; aÞ 2 %Pðr0ðeÞÞ;
jjPu ðz;aÞ  uðz;aÞjj4e; jjrIðPu ðz;aÞÞjj5e ð3:12Þ
and
jjPv ði;z;aÞ  vði;z;aÞjj4e; 04i4N : ð3:13Þ
(2) For each r 2 Rþ and a > 0;
inffjjrIðuðz;aÞÞjj : ðz; aÞ 2 O ða;1Þ= %PðrÞg > 0:
(3) For each ðzi; aiÞ 2 O ð0;1Þ; i ¼ 1; 2 with ðz1; a1Þ=ðz2; a2Þ;
Puðz1 ;a1Þ=Puðz2;a2Þ:
The proof of Lemma 3.4 is given in the appendix.
Lemma 3.5. There exist positive numbers r1; r1 and C1 such that for each
l50; ðz; aÞ 2 %Pðr1Þ and w 2 Puðz;aÞ þ Br1 ð0Þ;
hDvþ lv gðwÞv; vi5C1jjvjj2 for all v 2 F
ð2Þ
ðz;aÞ:
Proof. It is sufﬁcient to prove the assertion for l ¼ 0: Let ðz; aÞ 2
O ð0;1Þ: Then since Eð0Þðz;aÞ and E
ð1Þ
ðz;aÞ are ﬁnite dimensional, there exists
c0 > 0 such that
jwj4c0jjwjj for w 2 E
ð0Þ
ðz;aÞ  E
ð1Þ
ðz;aÞ: ð3:14Þ
Let e > 0 and suppose that
jjPv vjj25ejjvjj2 for v 2 Tðz;aÞ [ fuðz;aÞg: ð3:15Þ
Then it is easy to verify that there exists c1 > 0 such that
d2ðv;Eð2Þðz;aÞÞ4c1ejjvjj
2 for all v 2 F ð2Þðz;aÞ: ð3:16Þ
By Lemma 3.4, we can choose %e > 0 such that (3.15) holds for all ðz; aÞ 2
%Pðr0ð%eÞÞ: Now suppose that ðz; aÞ 2 %Pðr0ð%eÞÞ and v 2 F
ð2Þ
ðz;aÞ: Let w 2 E
ð2Þ
ðz;aÞ such
that jjv wjj ¼ dðv;Eð2Þðz;aÞÞ: Then, v w 2 E
ð0Þ
ðz;aÞ  E
ð1Þ
ðz;aÞ: From (3.14) and
NONLINEAR ELLIPTIC EQUATION 89(3.16), we may assume by choosing e > 0 sufﬁciently small that ð8m2 þ
m0Þjv wj
24ðm2=8Þjjvjj
2: Then we have by Lemma 3.2 and (3.16) that there
exists c2 > 0 and
hDv gðuðz;aÞÞv; vi
¼ hDw gðuðz;aÞÞw;wi þ 2hDw gðuðz;aÞÞw; v wi
þ hDðv wÞ  gðuðz;aÞÞðv wÞ; v wi
¼ hDw gðuðz;aÞÞw;wi þ hDðv wÞ  gðuðz;aÞÞðv wÞ; v wi
5
Z
RN
gðuðz;aÞÞðm2jwj
2  m0jv wj
2Þ
5
Z
RN
gðuðz;aÞÞðm2jv ðv wÞj
2  m0jv wj
2Þ
5
Z
RN
gðuðz;aÞÞððm2=2Þjvj
2  ð8m2 þ m0Þjv wj
2Þ
5ðm2=2Þ
Z
RN
gðuðz;aÞÞjvj
2  ðm2=8Þjjvjj
2: ð3:17Þ
Now suppose that v 2 F ð2Þðz;aÞ satisﬁes thatZ
RN
gðuðz;aÞÞjvj
24
1
2
jjvjj2:
Then we have that
hDv gðuðz;aÞÞv; vi5jjvjj2 
1
2
jjvjj25
1
2
jjvjj2: ð3:18Þ
On the other hand, if
Z
RN
gðuðz;aÞÞjvj
2 dx5
1
2
jjvjj2;
we have by (3.17) that
hDv gðuðz;aÞÞv; vi5
m2
8
jjvjj2:
Then combining (3.18) with the inequality above, we ﬁnd that there exists
c4 > 0 such that
hDv gðuðz;aÞÞv; vi5c4jjvjj2 for all v 2 F
ð2Þ
ðz;aÞ: ð3:19Þ
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follows from (3.19) that if jjPuðz;aÞ  uðz;aÞjj is sufﬁciently small,
hDv gðPuðz;aÞÞv; vi5ðc4=2Þjjvjj2 for all v 2 F
ð2Þ
ðz;aÞ: ð3:20Þ
Then again by using Lemma 3.4, we have that by choosing r1 > r0ðeÞ
sufﬁciently large, (3.20) holds for all ðz; aÞ in %Pðr1Þ: It then follows that the
assertion holds for r1 > 0 sufﬁciently small. ]
4. HOMOLOGY OF LEVEL SETS I
Our purpose in this section is to calculate the relative homology groups of
level sets with respect to the functional I : That is we prove the following
result.
Proposition 4.1. Let l50 and assume that there exists no critical point
of I in Icþe=f0g for some e 2 ð0; cÞ: Then
HpðIcþe; IceÞ ¼ Hp1ðOÞ; for all p52:
Corollary 4.1. Let the assumption of Proposition 4.1 hold. Then
HpðIcþe \ SÞ  HpðOÞ for all p51:
We note that if there exists no critical point of I with critical value in
½c e; cþ e; then by Lemma 3.1, c is the unique critical level of I in
½c e; cþ e: To calculate the homology groups HnðIcþe; IceÞ; we make use
of the following lemma (cf. [6]) essentially due to Chang [3].
Lemma 4.1 (cf. Hirano [6]). Let e0 2 ð0; cÞ such that there exists no critical
point of I with critical value in ½c e0; cþ e0: Let K  H satisfy the following
conditions:
(1) there exists d > 0 such that
fv 2 H : jjrIðvÞjj5d; c e05IðvÞ5cþ e0g  int K;
(2) there exists e1 > 0 such that Ice0 is a strong deformation retract of
Icþe=K for 05e5e1:Then for each e 2 ð0; e1Þ and each subset U  H with
K  intU ;
HnðIcþe; IceÞ ¼ HnðU \ Icþe; ðU =KÞ \ IcþeÞ:
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satisfying conditions (1), (2) and K  intU : Let r 2 Rþ: We put
W ðrÞ ¼ fPuðz;aÞ : ðz; aÞ 2 PðrÞg
and
%W ðrÞ ¼ fPuðz;aÞ : ðz; aÞ 2 %PðrÞg:
Since Puðz;aÞ=Puðw;bÞ if and only if ðz; aÞ=ðw; bÞ; one can see that the mapping
c : %PðrÞ ! %W ðrÞ is isomorphic. Then noting that for each z 2 O; fa 2
ð0;1Þ : ðz; aÞ 2 %PðrÞg is a halﬂine, we ﬁnd that %PðrÞ ﬃ O ð0;1Þ ﬃ O and
then %W ðrÞ ﬃ O:
Lemma 4.2. Let l > l1 and r 2 Rþ: Then
lim
jjrIðvÞjj!0
jjSv vjj ¼ 0 uniformly on %W ðrÞ:
Proof. Let r 2 Rþ and v 2 %W ðrÞ: We put w ¼ Sv ¼NðvÞv: Then for
tv > 0 with v ¼ tvw;
hrIðvÞ; vi ¼hrIðtvwÞ; tvwi
¼ jrtvwj
2 þ ljtvwj2  jtvwj2
n
¼ ðt2v  t
2n
v Þðjrwj
2 þ ljwj2Þ:
Since %W ðrÞ is bounded and jjvjj25l1jvj2 for v 2 H ; jjrIðvÞjj ! 0 implies that
tv ! 1 uniformly on %W ðrÞ: Then the assertion follows. ]
Lemma 4.3. There exist positive numbers r2 and r2 such that for each
v 2 H such that dðv; %W ðr2ÞÞ5r2; there exists a unique element z of %W ðr2Þ such
that jjz vjj ¼ distð %W ðr2Þ; vÞ:
The proof of Lemma 4.3 is given in the appendix.
For each ðz; aÞ 2 O ð0;1Þ; we denote by Bð2Þðz;aÞðrÞ the open ball in F
ð2Þ
ðz;aÞ
centered at 0 with radius r > 0: For 05r5r2 and r 2 ðr2;1Þ; we put
Zðr;rÞ ¼ fPuðz;aÞ þ B
ð2Þ
ðz;aÞðrÞ : ðz; aÞ 2 PðrÞg;
%Zðr;rÞ ¼ fPuðz;aÞ þ B
ð2Þ
ðz;aÞðrÞ : ðz; aÞ 2 %PðrÞg
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@ %Zðr;rÞ ¼ fPuðz;aÞ þ @B
ð2Þ
ðz;aÞðrÞ : ðz; aÞ 2 %PðrÞg:
Then since r5r2; we have by Lemma 4.3 that
%Zðr;rÞ ﬃ fPuðz;aÞ : ðz; aÞ 2 %PðrÞg ¼ %W ðrÞ ﬃ O: ð4:1Þ
Then we have
Lemma 4.4. Let l50 and 05r5minfr1; r2g: Then there exists C2 > 0
such that for e > 0; there exist r3ðeÞ > 0 satisfying
IðSvÞ4cþ e for all v 2 %W ðr3ðeÞÞ ð4:2Þ
and
IðvÞ5cþ C2r2 for all v 2 @ %Zðr3ðeÞ;rÞ: ð4:3Þ
Proof. Let l50; 05r5minfr1; r2g and ðz; aÞ 2 %Pðr1Þ: We note that
hI 00ðwÞv; vi ¼ hDvþ lv gðwÞv; vi for v;w 2 H
where I 00 denotes the Hessian of I : Choose d > 0 sufﬁciently small. Then by
Lemma 3.5, there exists c1 > 0 such that if jjrIðPuðz;aÞÞjj5d; then
IðvÞ5IðPuðz;aÞÞ þ c1r2 for v 2 @ %Zðr1 ;rÞ: ð4:4Þ
Then by Lemma 3.4, we have that (4.4) holds for ðz; aÞ 2 Pð %r2Þ; where %r2 ¼
maxfr2;r1;r0ðdÞg: Let e > 0: Since %W ð %r2Þ is bounded in H ; we have from the
deﬁnition of I that there exists c2 > 0 such that for each z 2 H with jjzjj41;
jIðvÞ  Iðvþ zÞj4c2jjzjj for all v 2 %W ð %r2Þ: ð4:5Þ
On the other hand, we have by Lemmas 3.4 and 4.2, that there exists e1 > 0
such that
jjSv vjj5min
e
2c2
;
c1r2
2c2
 
for all v 2 %W ðr0ðe1ÞÞ: ð4:6Þ
Also by Lemma 3.4, we have
jjPuðz;aÞ  uðz;aÞjj5
e
2c2
for all ðz; aÞ 2 %Pðr0ðe2ÞÞ; ð4:7Þ
NONLINEAR ELLIPTIC EQUATION 93where e2 ¼ e=2c2: Now we put r3ðeÞ ¼ maxf %r2;r0ðe1Þ; r0ðe2Þg: Then recalling
that Iðuðz;aÞÞ ¼ c; we have by (4.5)–(4.7) that for each v ¼ Puðz;aÞ 2 %W ðr3ðeÞÞ;
IðSvÞ ¼ Iðuðz;aÞÞ þ ðIðvÞ  Iðuðz;aÞÞÞ þ ðIðSvÞ  IðvÞÞ5cþ e:
We also have by (4.4)–(4.6) that
IðvÞ5 IðPuðz;aÞÞ þ c1r2
5 IðSPuðz;aÞÞ  jIðPuðz;aÞÞ  IðSPuðz;aÞÞj þ c1r2
5 cþ c1r2=2 for v 2 @ %Zðr3ðeÞ;rÞ:
This completes the proof. ]
We are now ready to construct K and U satisfying (1) and (2). For e 2
ð0; cÞ; we put
ZðeÞ ¼ %Z
ðr3ðeÞ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2e=C2
p
Þ
: ð4:8Þ
Let re;ð	Þ : ZðeÞ ! R
þ be continuous functions such that for each v 2 ZðeÞ;
re;ðvÞ5NðvÞ5rþðvÞ and Iðre;ðvÞvÞ ¼ Iðre;þðvÞvÞ ¼ c e:
We put
Ke ¼ fsv : s 2 ½re;ðvÞ; re;þðvÞ; v 2 ZðeÞg: ð4:9Þ
Then one can see that Ke is a neighborhood of %W ðrÞ with r > r3ðeÞ: It is
obvious that Ke1  Ke2 if e15e2: It also follows from the deﬁnition of Ke and
(4.1) that Ke ﬃ O:
Lemma 4.5. Let l50 and suppose that there exists e0 > 0 such that there
exists no critical point of I with critical value in ½c e0; cþ e0: Then for each
e 2 ð0; cÞ; Ke satisfies (1) and (2) of Lemma 4.1.
Proof. Let l50 and e 2 ð0; cÞ: By the deﬁnition of Ke; Lemma 3.1 and (2)
of Lemma 3.4, we have that for d > 0 sufﬁciently small,
fv 2 H : jjrIðvÞjj5d; c e05IðvÞ5cþ e0g  Ke:
We next see that (2) holds. Equation (2) follows by a standard argument.
Then we give only a sketch of the proof. Let %e > 0 with %e5e: Then
d ¼ inffjjrIðvÞjj : v 2 Ke=K%eg > 0: ð4:10Þ
NORIMICHI HIRANO94Let r : ½0;1Þ  H ! H is a semiﬂow associate with the gradient rI of I
(cf. Rabinowitz [11]) satisfying that
Iðrðt; vÞÞ4Iðrðs; vÞÞ 
1
2
Z t
s
jjrIðrðt; vÞÞjj2 dt
for each v 2 H and 04s4t . Then one can see from (4.10) that there exists
e1 > 0 such that for each v 2 @ðKe \ Icþe1Þ and t > 0; Iðrðv; tÞÞ5c when rðv; t
Þ 2 K%e: This implies that each ﬂow frðv; tÞ : t50g with v 2 Ke \ Icþe1 reaches
to Ice0 and then (2) of Lemma 4.1 holds (cf. [11] for detailed proof). ]
Lemma 4.6. Let l50: Then for given e > 0; there exists %e > 0 such that
SK%e  IScþe; where I
S stands for the restriction of I on S:
Proof. Let e > 0: Then by Lemma 4.4,
IðSvÞ4cþ e=2 for v 2 %W ðr3ðe=2ÞÞ: ð4:11Þ
Since Ke=2 is bounded, there exists c1 > 0 such that for each z 2 H with
jjzjj41;
jIðvÞ  Iðvþ zÞj4c1jjzjj for all v 2 %Zðe=2Þ: ð4:12Þ
On the other hand, we have by Lemmas 3.4, 4.2 and the deﬁnition of Z; that
there exists e1 > 0 such that
jjSw wjj5
e
4c1
for all w 2 Zðe1Þ: ð4:13Þ
We put %e ¼ minfe=2; e1; e2C2=32c21g: Let w 2 Zð%eÞ: Then there exists v 2 %W ð%eÞ
such that jjv wjj4e=4c1: Then we have by (4.11)–(4.13) that
IðSwÞ ¼ IðvÞ þ ðIðSwÞ  IðwÞÞ þ ðIðwÞ  IðvÞÞ5IðSvÞ þ e=2:
Then by (4.11) that IðSwÞ5cþ e and therefore SZð%eÞ  IScþe: ]
Lemma 4.7. Let the assumption of Proposition 4.1 holds. Let %e; e 2 ð0; cÞ
with %e5e4e0: Then SKe \ Icþ%e ﬃ O:
Proof. From (1) of Lemma 4.1, we have that for given e > 0; there exists
*e 2 ð0; eÞ such that IScþ*e  Ke: Then I
S
cþ*e SKe: Let 05%e5e5c . Then by
Lemma 4.6, we can choose ei 2 ð0; cÞ; 14i44 sufﬁciently small that
SKe4  I
S
cþe3
SKe2  I
S
cþe1
SKe \ IScþ%e: ð4:14Þ
NONLINEAR ELLIPTIC EQUATION 95We denote by rS : S  ½0;1 ! S a semiﬂow associate with the gradient rI
S
of IS : By Lemma 4.4 and the deﬁnition of ZðeÞ; we have that
IðvÞ5cþ 2e for v 2 @ %Z
ðr3ðeÞ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2e=C2
p
Þ
:
Then recalling that IðSzÞ5IðzÞ for all z 2 H =f0g; we ﬁnd that
IðSvÞ5cþ 2e for v 2 @ %Z
ðr3ðeÞ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2e=C2
p
Þ
: ð4:15Þ
On the other hand, we have by the deﬁnition of Zðr3ðeÞÞ that there exists
e5 > 0 such that
IðvÞ > cþ e5 for all v 2 Zðr3ðeÞÞ:
Then noting that the relative boundary @SSKe of SKe with respect to S is
the union of Zðr3ðeÞÞ and @ %Zðr3ðeÞ;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2e=C2
p
Þ
; we have that IðvÞ5cþminf2e; e5g
on @SSKe: We now assume that %e5minf2e; e5g: Then noting that IS
ðrSðv; tÞÞ5I
SðrSðv; 0ÞÞ4cþ %e for all v 2 I
S
cþ%e and t > 0; we ﬁnd that for
each v 2SKe \ IScþ%e; the semiﬂow rSðv; tÞ does not cross the boundary
@SSKe of SKe: Then
IðrSðSKe \ I
S
cþ%e; ½0;1ÞÞ SKe:
This implies that IScþe3 is a deformation retract ofSKe \ I
S
cþ%e: SinceSKe4 is a
deformation retract of SKe2 by the deﬁnition, we ﬁnd that SKe4 is a
deformation retract of IScþ%e \SKe: Thus we ﬁnd that
SKe \ IScþ%e ﬃSKe4 ﬃ O: ] ð4:16Þ
Proof of Proposition 4.1. Suppose that the assumption of Proposition
4.1 holds. The proof is a modiﬁcation of that of Proposition 2.6 in [7].
For completeness, we give a sketch of the proof. Recall that for each
v 2 H =I0; the mapping t ! IðtvÞ is increasing on ð0;NðvÞÞ and decreasing on
ðNðvÞ;1Þ: If Sv =2 Icþe; then there exist te;ðvÞ; te;þðvÞ 2 ðre;ðvÞ; re;þðvÞÞ
such that te;ðvÞ5NðvÞ5te;þðvÞ and Iðte;ðvÞvÞ ¼ Iðte;þðvÞvÞ ¼ cþ e: We
put D ¼ ½re;ðvÞ; re;þðvÞ 	 v ¼ ftv: t 2 ½re;ðvÞ; re;þðvÞg: Then by the deﬁnition
of re;ð	Þ; we ﬁnd that
D\ Icþe ¼
½re;ðvÞ; re;þðvÞ 	 v if Sv 2 Icþe;
½re;ðvÞ; te;ðvÞ 	 v[ ½te;þðvÞ; re;þðvÞ 	 v if Sv =2 Icþe:
(
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D\ Icþe ﬃ
½0; 1 if Sv 2 Icþe;
f0; 1g if Sv =2 Icþe:
(
From this observation, we ﬁnd that for each e; %e > 0;
Ke \ Icþ%e ﬃ ððSðKeÞ \ Icþ%eÞÞ  ½0; 1Þ [SðKeÞ  f0; 1gÞ: ð4:17Þ
Now ﬁx 05e15e25e and put K ¼ Ke1 and U ¼ Ke2 : Then since U =K ¼
Ke2 =Ke1 ; we have by the deﬁnition of Ke that
inffIðvÞ : v 2SðU =KÞg > cþ %e
for some %e > 0: Then SðU =KÞ \ Icþ%e ¼ f: We may choose %e so small that
%e5e1: Therefore by (4) and the deﬁnition of Ke; we have that for each
v 2SKe2 ;
½re2;ðvÞ; re2 ;þðvÞv\ Icþ%e ¼ ½re2;ðvÞ; t%e;ðvÞv[ ½t%e;þðvÞ; re2 ;þðvÞv:
Then it follows that
Icþ%e \ ðU =KÞ ﬃ Ke2  f0; 1g ﬃ O f0; 1g: ð4:18Þ
Then by (4.16) and (4.17), we ﬁnd that for each p52
HpðU \ Icþ%e; ðU =KÞ \ Icþ%eÞ
¼ HpððSðKe2Þ \ Icþ%eÞ  ½0; 1Þ [ ðSKe2  f0; 1gÞ;Ke2  f0; 1gÞ
ﬃ HpðO ½0; 1;O f0; 1gÞ
ﬃ Hp1ðOÞ  H1ð½0; 1; f0; 1gÞ ﬃ Hp1ðOÞ:
This completes the proof. ]
Proof of Corollary 4.1. By the same argument as in the proof of
Proposition 4.1, we ﬁnd that for each p51;
HpðIcþd; IcdÞ ﬃ HpðððIcþd \ SÞ  ½0; 1Þ [ ðS  f0; 1gÞ; S  f0; 1gÞ
ﬃ Hp1ðIcþd \ SÞ  H1ð½0; 1; f0; 1gÞ
ﬃ Hp1ðIcþd \ SÞ: ð4:19Þ
Then by Proposition 4.1, the assertion follows. ]
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In this section, we prove the following proposition.
Proposition 5.1. Let N55: Then there exists l050 such that for l 2
ðl0; 0Þ and e > 0 satisfying that there exists no critical point of I with critical
value in ½c e; cþ e;
HpðIcþe; IceÞ ¼ f0g for all p51:
Notations and symbols used in Section 4 is valid in this section. Let
Z 2 C10 ðD1ð0ÞÞ such that Z  1 on D1=2ð0Þ: For each z 2 O and a > 0; we put
vðz;aÞðxÞ ¼ Zðr1ðx zÞÞuðz;aÞðxÞ for x 2 O; ð5:1Þ
where r ¼ dð@O; zÞ: Then vðz;aÞ 2 C10 ðDrðzÞÞ:
Lemma 5.1. Let N55 and l50: Then there exists *r > 0 such that
IðSðvðz;aÞÞÞ5c for each ðz; aÞ 2 %Pð *rÞ:
Proof. Let z 2 O and r > 0: Put r ¼ dð@O; zÞ and a be a positive number
such that ar ¼ r: Since r4rd ¼ diamO; we have that a5rr1d : Then from
the deﬁnition of vðz;aÞ; we ﬁnd that there exists c1 > 0 such that for r
sufﬁciently large,
jrvðz;aÞj224Ncþ c1r
ðN2Þ and jvðz;aÞj2
n
2n4Ncþ c1r
ðN2Þ: ð5:2Þ
(cf. [13, p. 179]13). It also follows that there exists c2 > 0 such that
jvðz;aÞj
2
25c2r
2: ð5:3Þ
Here we put t ¼Nðvðz;aÞÞ: Then we have
jrvðz;aÞj22 þ ljvðz;aÞj
2
2 ¼ t
2n2jvðz;aÞj2
n
2n ð5:4Þ
and
IðSðvðz;aÞÞÞ ¼
t2
N
ðjrvðz;aÞj22 þ ljvðz;aÞj
2
2Þ:
Then we have by (5.2)–(5.4) that
ðt2
n2  1ÞNc4lc2r2 þ Oðr2Þ50:
NORIMICHI HIRANO98Therefore t51: Then we ﬁnd by (5.2) and (5.3) that for r sufﬁciently large,
IðSðvðz;aÞÞÞ ¼
t2
N
ðjrvðz;aÞj
2
2 þ ljvðz;aÞj
2
2Þ
4 jrvðz;aÞj22 þ ljvðz;aÞj
2
2
4 cþ lc2r2 þ Oðr2Þ5c:
Then the assertion holds. ]
Proof of Proposition 5.1. Since
supfjjvðz;aÞ  uðz;aÞjj : ðz; aÞ 2 %PðrÞg ! 0 as r!1; ð5:5Þ
we have by Lemma 4.2 that
supfjjSvðz;aÞ  uðz;aÞjj : ðz; aÞ 2 %PðrÞg ! 0 as r!1: ð5:6Þ
Then by Lemmas 3.4 and 3.5, there exists *r2 > 0 such that for each ðz; aÞ 2
%Pð *r2Þ and w 2Svðz;aÞ þ Br1ð0Þ
hDv gðwÞv; vi5ðC1=2Þjjvjj2 for all v 2 F
ð2Þ
ðz;aÞ: ð5:7Þ
Then by the Poincare inequality, we have that there exists l050 such that
l0jvj224ðC1=4Þjrvj
2
2 for v 2 H : Then we obtain that for l05l50; ðz; aÞ 2
%Pð *r2Þ and w 2Svðz;aÞ þ Br1ð0Þ;
hDvþ lv gðwÞv; vi5ðC1=4Þjjvjj2 for all v 2 F
ð2Þ
ðz;aÞ: ð5:8Þ
he inequality above implies that for ðz; aÞ 2 %Pð *r2Þ; w 2Svðz;aÞ þ Br1=2ð0Þ and
v 2 F ð2Þðz;aÞ with jjvjj ¼ 1;
d2
dt2
Iðwþ tvÞ5ðC1=4Þ for jtj4r1=2: ð5:9Þ
Then since rIðwÞ ! 0 as inf z2O;a2ð0;1Þ jjw uðz;aÞjj ! 0; we have that there
exists *r3; *r2 and *e > 0 such that for each ðz; aÞ 2 %Pð *r3Þ and 1 *r24t51þ *r2;
the following conditions hold:
(i) For each e > 0; ðtSvðz;aÞ þ B
ð2Þ
ðz;aÞðr1=2ÞÞ \ Icþe is star shaped with
respect to tSvðz;aÞ:
(ii) IðwÞ > cþ *e for w 2 ðtSvðz;aÞ þ B
ð2Þ
ðz;aÞðr1=2Þ=B
ð2Þ
ðz;aÞðr1=4ÞÞ:
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K ¼ ftSvðz;aÞ þ w : ðz; aÞ 2 %Pð *r4Þ; w 2 B
ð2Þ
ðz;aÞðr1=4Þ; t 2 ½1 *r2=2; 1þ *r2=2g:
Similarly, we deﬁne U by
U ¼ ftSvðz;aÞ þ w : ðz; aÞ 2 %Pð *r3Þ; w 2 B
ð2Þ
ðz;aÞðr1=2Þ; t 2 ½1 *r2; 1þ *r2g:
Then by the deﬁnition above, K  intU : Now assume that there is no
critical point of I with critical value in ½c e; cþ e: Then recalling that (5.5)
holds, we have by (2) of Lemma 3.4, (5.5) and (5.6) that
inf fjjrIðSvðz;aÞÞjj : ðz; aÞ 2 %Pð *r3Þ= %Pð *r4Þg > 0
and then for sufﬁciently small d > 0
inffw 2 H : jjrIðwÞjj5d : c e05IðwÞ5cþ e0g  K:
Then (1) of Lemma 4.1 holds. We can see that (2) of Lemma 4.1 holds by the
same argument as in the proof of Lemma 4.5. Here we choose 05e15*e:
Then by (ii),
ðU =KÞ \ Icþe1  ftSvðz;aÞ þ B
ð2Þ
ðz;aÞðr1=2Þ : ðz; aÞ 2 %Pð *r3Þ= %Pð *r4Þ
t 2 ½1 *r2=2; 1þ *r2=2g:
By Lemma 5.1 and (i), we ﬁnd that for each ðz; aÞ 2 %Pð *r3Þ= %Pð *r4Þ and ft 2
½1 *r2=2; 1þ *r2=2g; Icþe1 \ ðtSvðz;aÞ þ B
ð2Þ
ðz;aÞðr1=2ÞÞ is contractible to tSvðz;aÞ
in Icþe1 : Then we have that ðU =KÞ \ Icþe1 ﬃ fSvðz;aÞ : ðz; aÞ 2 Pð *r3Þg: On the
other hand, we have that U \ Icþe1 ﬃ fSvðz;aÞ : %Pð *r3Þg: Therefore, U \ Icþe1
is homotopic to ðU =KÞ \ Icþe1 and then the assertion follows. ]
6. PROOFS OF THEOREMS
Assume that (A) holds. Since O1 is smooth, we can choose d0 > 0 so small
that for each 05d5d0;
Od ¼ O1 þ Dd ð0Þ ﬃ Od ¼ fx 2 O1 : dðx; @O1Þ5dg ﬃ O1:
We put and put R ¼ ð1=2Þ supfjxj : x 2 O1g and Kn ¼ O1=On for each n51:
Then by (A), we can choose jðnÞ 2 H10 ðD0ðRÞÞ such that j
ðnÞðxÞ 2 ½0; 1 on
D0ðRÞ; jðnÞðxÞ ¼ 1 on Kn and limn!1 jjjðnÞjj ¼ 0: For each n51; we denote by
cðnÞ the function deﬁned by cðnÞðxÞ ¼ 1 jðnÞðxÞ on D0ðRÞ and c
ðnÞðxÞ ¼ 1
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c: Then we have that
lim
n!1
jjcðnÞv vjj ¼ 0 for each v 2 H 10 ðO1Þ: ð6:1Þ
Lemma 6.1. Let l 2 R: For each d 2 ð0; cÞ; there exists n051 such that
bnðHnðI
ðnÞ
cþd \ SÞÞ ¼ HnðO1Þ for n5n0: ð6:2Þ
Proof. Let p51 and f½akg
n
k¼1 be nontrivial elements of HpðOd Þ
spanning HpðOdÞ: Then there exists s > 0 such that for each 14k4n and
each a0k 2 SpðOdÞ such that
jakðxÞ  a0kðxÞj5s on D
k ; ð6:3Þ
½ak ¼ ½a0k holds. On the other hand, for each ðz; a; rÞ 2 O1  ð0;1Þ 
ð0;1Þ; we deﬁne a function vðz;a;rÞ 2 H 10 ðO1Þ by
vðz;a;rÞðxÞ ¼SPðz;rÞuðz;aÞ; ð6:4Þ
where Pz;r is the projection from D1ðR
N Þ to H10 ðDrðzÞÞ: Then one can see that
for interval ½a;b with 05a5b51;
lim
a!1
jjuðz;aÞ  vðz;a;rÞjj ¼ 0 uniformly for ðz; rÞ 2 R
N  ½a;b: ð6:5Þ
Here we ﬁx d > 0; d 2 ð0; d0Þ and choose a > 0 such that
I1ðvðz;a;dÞÞ5cþ d=2 for all z 2 Od ð6:6Þ
and
jbðvðz;a;rÞÞ  zj5d=2 for all z 2 Od : ð6:7Þ
We now deﬁne a mapping gn : Od ! H
1
0 ðOd Þ by
gnðzÞ ¼ Sc
ðnÞvðz;a;dÞ for z 2 Od :
By (6.1), we have that
lim
n!1
jjcðnÞvðz;a;dÞ  vðz;a;d Þjj ¼ 0 uniformly on Od :
It then follows from the continuity of S that
lim
n!1
jjgnðzÞ  vðz;a;dÞjj ¼ 0 uniformly on Od : ð6:8Þ
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and n5n0: For each 14k4n; we put
aðnÞk ðxÞ ¼ bðgnðakðxÞÞÞ for x 2 D
p:
Then by (6.7) and (6.8), we ﬁnd that for n sufﬁciently large,
jakðxÞ  a
ðnÞ
k ðxÞj5s for all x 2 D
p:
Therefore, ½ak ¼ ½a
ðnÞ
k : This implies that bn 	 gn* ¼ in; where i is the identity
mapping on Od : Then
bnðHnðI
ðnÞ
cþd \ SÞÞ ¼ HnðOd Þ: ð6:9Þ
By the assumption on d; we have that HnðOd Þ ¼ HnðO1Þ and then the
assertion follows. ]
For each z 2 O; we put rðzÞ ¼ dð@O1; zÞ: In the following, vðz;aÞ denotes the
function deﬁned by (5.1) with O ¼ O1:
Lemma 6.2. For given d > 0 and e > 0; there exists r > 0 and %e > 0 such
that
I1ðSvðz;aÞÞ5cþ d for all ðz; aÞ 2 %PðrÞ ð6:10Þ
and that for each v 2 I1cþ%e; there exists ðz; aÞ 2 %PðrÞ such that z ¼ bðvÞ;
jjvSvðz;aÞjj4e and I1ðSvðz;aÞÞ4cþ d: ð6:11Þ
Proof. The assertion is a direct consequence of (1) of Lemma 3.1 and
(5.6). ]
Proof of Theorem 1.1. Let l50 and suppose that there exists no critical
point of I ðnÞ with critical value in ðc; 2cÞ for each n51: We ﬁrst consider the
case that there exists p51 such that rankHpðOnÞ5rankHpðO1Þ for n
sufﬁciently large. Since bnðHnðI
ðnÞ
cþd \ SÞÞ ¼ HnðO1Þ for d 2 ð0; cÞ by Lemma
6.1, we have that rankHpðI
ðnÞ
cþd \ SÞ5rankHpðO1Þ: On the other hand,
by Corollary 4.1, we have that HpðI
ðnÞ
cþd \ SÞ ¼ HpðOnÞ: This is a contra-
diction. This implies that there exists a critical point u of I such that
cþ e5IðuÞ5cþ d:
We next consider the case that there exists p51 such that for n sufﬁciently
large, rankHpðOnÞ > rankHpðO1Þ holds. Then for each e1; e2 2 ð0; cÞ; since
there exists no critical point of I ðnÞ with critical values in ðc; 2cÞ; we have
HpðI
ðnÞ
cþe1Þ  HpðI
ðnÞ
cþe2 Þ for all n51: Let e 2 ð0; cÞ; m; n51 and consider
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HpðI
ðmÞ
cþe \ SÞ !
i1* HpðI
ðnÞ
cþe \ SÞ
# bð1Þ
n
# bð2Þ
n
HpðOmÞ !
i2 * HpðOnÞ
where bð1Þ : I ðmÞcþe \ S ! Om; b
ð2Þ : I ðnÞcþe \ S ! On are the mappings deﬁned by
(1.3), and i1 : I
ðmÞ
cþe ! I
ðnÞ
cþe; i2 : Om ! On are inclusion mappings. By Corollary
4.1, bð1Þ; bð2Þ are isomorphism. Since Om and On are homotopic, we have that
i2* is an isomorphism. Then it follows that HpðI
ðmÞ
cþe \ SÞ  HpðI
ðnÞ
cþe \ SÞ: To
prove the assertion, it is sufﬁcient to show that if n is sufﬁciently large,
bð2Þ
n
ið1Þn :HpðI
ðmÞ
cþe0 \ SÞ ! HpðO1Þ is injective. In fact, if b
ð2Þ
n
ið1Þn is injective, we
have that rankHpðO1Þ5rankHpðI
ðmÞ
cþe0 \ SÞ ¼ rankHpðOmÞ: This contra-
dicts with our assumption. Now we will show that bð2Þ
n
ið1Þn is injective. Fix
m51 and e0 2 ð0; cÞ: Since I1cþe0 \ S is bounded in H ; we can choose e1 > 0
such that
I1ðSðð1 tÞvþ twÞÞ5cþ e0
for t 2 ½0; 1 and v;w 2 I1cþe0=2 with jjv wjj5e1: ð6:12Þ
By Lemma 6.2, we can choose r > 0 and %e > 0 such that (6.10) and (6.11)
hold for e ¼ e1=2 and d ¼ e0=2: Let ½a 2 HpðI
ðmÞ
cþe0=2
\ SÞ be a nontrivial
element. We put zðxÞ ¼ bðaðxÞÞ for x 2 Dp: Then ½z 2 HpðO1Þ and ½z ¼
bð2Þ
n
i1* ½a: We also have that there exists a : D
p ! Rþ satisfying that
aðxÞrðzðxÞÞ5r;
jjaðxÞ SvðzðxÞ;aðxÞÞjj5e1=2 for all x 2 D
p ð6:13Þ
and
I1ðSvðz;aÞÞ5cþ e0=2 for all x 2 D
p: ð6:14Þ
Then since fvðzðxÞ;aðxÞÞg  H10 ðOÞ is relatively compact, there exists a0; a1 > 0
and r0; r1 > 0 such that r05d0;
a05aðxÞ5a1 and r05rðzðxÞÞ5rd ¼ diamO1 for x 2 D
p:
Then from the deﬁnition of fcðnÞg; we can choose n151 sufﬁciently large
that
jjSvðz;aÞ Sc
ðnÞvðz;aÞjj5e1=2 for n5n1: ð6:15Þ
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that
I ðnÞðSjðnÞvðz;aÞÞ5cþ e0=2 ð6:16Þ
for all ðz; aÞ 2 %PðrÞ \ ðOr0  ½rr
1
d ;rd
1 þ a1Þ and n5n2:We now ﬁx n5n2
and put
wðz;aÞ ¼SjðnÞvðz;aÞ for ðz; aÞ 2 Or0  ½a1;1Þ ð6:17Þ
and %wðxÞ ¼ wðzðxÞ;aðxÞÞ for x 2 D
p: Then by (6.13) and (6.15)
jjaðxÞ  wðzðxÞ;aðxÞÞjj5e1 for all x 2 D
p:
Then by (6.16) and (6.12),
Sðð1 tÞað	Þ þ twðzð	Þ;að	ÞÞÞ 2 I
ðnÞ
cþe0 \ S for t 2 ½0; 1:
This implies that i1* ½a ¼ ½ %w in HnðI
ðnÞ
cþe0 \ SÞ: Since zðxÞ 2 Or0 on D
p; we
have that ½zðxÞ 2 HpðOr0Þ: Since O1 ﬃ Or0 ; we have that ½zðxÞ 2 HpðO1Þ:
Suppose that bni1* ½a ¼ ½zðxÞ ¼ 0: Then there exists a homotopy Z : ½0; 1 
Dd ! Or0 such that
Zðt; xÞ ¼ zðxÞ for t 2 ½0; 1=2 and Zð1; xÞ ¼ x0 2 Or0 for x 2 D
p:
Then we deﬁne a homotopy %Z : ½0; 1  Icþe0 ! H by
%Zðt; xÞ ¼ wðZðt;xÞ;tðt;xÞÞ for x 2 D
p;
where
tðt; xÞ ¼
ð1 2tÞaðxÞ þ 2trd1 for t 2 ½0; 1=2; x 2 Dp;
rd1 for t 2 ½1=2; 1; x 2 Dp:
(
ð6:18Þ
Then since rrðZðt; xÞÞ14tðt; xÞ4rd1 þ a1; we have by (6.16) that %Zðt; xÞ 2
I ðnÞcþe0 : Since %Zð0; xÞ ¼ wðzðxÞ;aðxÞÞ and %Zð1; xÞ ¼ wðx0 ;rd1Þ; we have that ½w ¼ 0
and then ½a ¼ f0g in HpðI
ðnÞ
cþd \ SÞ: Therefore, we have that b
ð2Þ
n
i1* is
injective as claimed. This completes the proof. ]
Proof of Theorem 1.2. Suppose that l04l50: It is known that
c0 ¼ inffIðvÞ : v 2 Sg5c ð6:19Þ
and c0 is attained by a critical point u0 2 S (cf. [2]). Now suppose that u0 is
the unique critical point of I : We choose e0 > 0 so small that c0 þ e05c: Let
NORIMICHI HIRANO104e 2 ð0; e0Þ: Then by (6.19), we ﬁnd that H0ðIc0þe \ SÞ ¼ H0ðfu0gÞ: Then since
H1ðIc0þe; Ic0eÞ ﬃH0ðIcþe \ SÞ  H1ð½0; 1; f0; 1gÞ
ﬃH0ðIcþe \ SÞ;
we have that rankH1ðIc0þe; Ic0eÞ ¼ 1 and HpðIc0þe; Ic0eÞ ¼ 0 for p=1: We
also have by Proposition 5.1 that for e 2 ð0; c c0Þ;
HnðIcþe; Ic0þeÞ ¼ f0g:
Consequently, we ﬁnd that for d 2 ðc c0; cÞ;
Xq
j¼0
ð1ÞqjrankHjðIcþd; IcdÞ
4
Xq
j¼0
ð1ÞqjðrankHjðIcþd; Ic0þeÞ þ rankHjðIc0þe; IcdÞÞ
4
Xq
j¼0
ð1ÞqjrankHjðIc0þe; IcdÞ ¼ ð1Þ
q1: ð6:20Þ
Then we ﬁnd that rankHjðIcþd; IcdÞ ¼ 0 for j52: On the other hand,
applying Lemma 6.1 with On ¼ O1 ¼ O for all n51; we have that
rankH
*þ1ðIcþd; IcdÞ5HnðOÞ for d 2 ð0; cÞ:
Then from the assumption, we have that
rankHpðIcþd; IcdÞ51 for some p52:
This is a contradiction. Therefore there exists a critical point u1 2 H with
u0=u1: ]
APPENDIX
Proof of Lemma 3.4. Let X1 ¼ fx 2 R
N : x150g and Pþ be the projection
from D1ðRN Þ to D10ðX1Þ: For each r > 0; we put
Wr ¼ fPþuðz;aÞ : ðz; aÞ 2 R
N  ½1;1; z1 	 a ¼ rg:
From the invariance of the norms in D1ðRN Þ and LqðRN Þ under the
translation and the scaling, we have that
IðPþuðz;aÞÞ ¼ IðPþuðw;bÞÞ ðA:1Þ
NONLINEAR ELLIPTIC EQUATION 105for ðz; aÞ; ðw; bÞ 2 X1  ð0;1Þ such that z1 	 a ¼ w1 	 b: Then we put
dr ¼ IRðWrÞ  c for each r > 0: ðA:2Þ
Since jjPþuðz;1Þ  uðz;1Þjj ! 0 as z1 !1; we ﬁnd that
lim
r!1
jjPþuðz;aÞ  uðz;aÞjj ¼ lim
r!1
jjrIðPþuðz;aÞÞjj ¼ 0: ðA:3Þ
It then follows from (A.2) that
lim
r!1
dr ¼ 0: ðA:4Þ
Now ﬁx z 2 RN with dðO; zÞ4d5d0: Then by choosing a coordinate system
properly, we may assume that z ¼ ðz1; 0; . . . ; 0Þ and Qz ¼ ð0; . . . ; 0Þ with z1 >
0: Then recalling that the value of uðz;aÞ concentrates at the point z as a!1
and that uðz;aÞ is obtained by the change of scaling
uðz;1ÞðxÞ ! aðN2Þ=2uðz;1Þða 	 xÞ;
we ﬁnd that
lim
a!1
jjPþuðz;aÞ  Puðz;aÞjj ¼ 0 uniformly for ðz; aÞ with z1 	 a5r:
Combining the inequality above with (A.3), we obtain that for given e > 0;
(3.12) holds for ðz; aÞ 2 %PðrÞ with r sufﬁciently large. By the same argument,
we can see that (3.13) holds for sufﬁciently large r: Then assertion (1) holds.
Assertion (2) is a direct consequence from Lemma 3.1 and the deﬁnition of
%PðrÞ: We lastly see that (3) holds. Let ðz; aÞ; ðw; bÞ 2 O ½1;1Þ with ðz; aÞ=
ðw; bÞ: Then
DðPuðz;aÞ  Puðw;bÞÞ ¼ Dðuðz;aÞ  uðz;bÞÞ=0 in O
and then Puðz;aÞ=Puðw;bÞ: ]
Proof of Lemma 4.3. We put jðz; aÞ ¼ uðz;aÞ for ðz; aÞ 2 R
N  Rþ: We
denote by jx the derivative of j with respect to x 2 R
N  R: We also have
that M0 ¼ fPjðz; aÞ : ðz; aÞ 2 O ð0;1Þg is an N -dimensional manifold in H :
It is easy to verify thatM0 is smooth. To prove the assertion, it is sufﬁcient to
show that if we choose r0 sufﬁciently large, then the curvature of %W ðr0Þ is
bounded from above at any point of %W ðr0Þ: That is it is sufﬁcient to show
that there exists C0 > 0 such that for each ðz; aÞ 2 W ðr0Þ and x 2 R
N  R;
jjPjxxðz; aÞjj=jjPjxðz; aÞjj5C0 on %Pðr0Þ:
NORIMICHI HIRANO106From the shape of the function uðz;aÞ; we ﬁnd that
lim
r!1
supfjjPvxx  vxxjj=jjvxxjj : v 2 %W ðrÞ; x 2 R
N  Rg ¼ 0
and
lim
r!1
supfjjPvx  vxjj=jjvxjj : v 2 %W ðrÞ; x 2 R
N  Rg ¼ 0:
Then it is sufﬁcient to show that there exists c0 > 0 such that for r0
sufﬁciently large,
jj xxðz; aÞjj
jj xðz; aÞjj
5c1 on %Pðr0Þ ðA:5Þ
for all x 2 RN  R: From the deﬁnition of j; we have that
@
@xi
jxið0; aÞ ¼ mðN  2Þ
aðNþ2Þ=2ð1þ a2ðjxj2  Nx2i ÞÞ
ð1þ a2jxj2ÞðNþ2Þ=2
and
@
@xj
jxið0; aÞ ¼ mN ðN  2Þ
aðNþ6Þ=2xj
ð1þ a2jxj2ÞðNþ2Þ=2
for i ¼ 1; 2; . . . ;N : We can also calculate jaxi and jaa: Then we ﬁnd that
there exists c1 > 0 such that
jj xi jj
2 ¼
XN
j¼1
j@xjjxi j
25c1a4
Z
O
aðNþ2Þjxj2
ð1þ a2jxj2ÞNþ2
ðA:6Þ
for i ¼ 1; . . . ;N : On the other hand, we have
@
@xi
jxixið0; aÞ ¼
mN ðN  2ÞaðNþ6Þ=2x1ð3þ a2ð3jxj2  ðN þ 2Þx2i Þ
ð1þ a2jxj2ÞðNþ4Þ=2
for each 14i4N : Similarly, we can calculate jxjxixi ; 14i; j4N : Then we ﬁnd
that there exists c2 > 0 such that
@
@xj
jxixið0; aÞðxÞ










2
4c2a4
aNþ2x2i
ð1þ a2jxj2ÞNþ2










for each 14i; j4N : Then comparing the inequality above with (A.6), we
ﬁnd that there exists c0 > 0 satisfying (A.5) with x ¼ xi; 14i4N : One can
NONLINEAR ELLIPTIC EQUATION 107verify in the same way that (A.5) holds for all x 2 RN  R for some c0 > 0:
Then the assertion holds. ]
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